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Abstract
In this paper the number of isomorphism classes of the right transversals of
the symmetric group Σn−1 in the symmetric group Σn is calculated. This
result together with the techniques employed along the paper may be used
to go forward in the study and classification of the subgroups with a certain
number of isomorphism classes of transversals in the group.
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1. Introduction
Throughout this paper, all groups considered are finite.
The classical theory of extensions of groups has focused on aspects which
are independent of the choice of transversal of the smaller group in the largest
one. For instance, either the representation of the group as a permutation
group of its right cosets, or the induced representation of a group from one
of its subgroups, does not depend, up to equivalence, on the choice of a right
transversal of the subgroup in the whole group (see for instance [5] or [6]).
However, this point of view leads to some lack of accuracy in certain
definitions. For this reason some recent papers have analysed the set of all
right transversals of a subgroup in a group as an abstract object ([2], [3]).
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Any right transversal of a subgroup in a group has the structure of a right
quasigroup with identity. But what really makes this structure important is
that any right quasigroup with identity of order n is isomorphic to a right
transversal of the symmetric group Σn−1 in Σn, as R. Lal showed in the key
paper [4].
The main aim of this paper is to establish a formula to compute the
number of all isomorphism classes of right quasigroups with identity of a
given order. This result is presented in Theorem 3.2.
2. Preliminaries
Definition 2.1. A non-empty set S endowed with an inner operation ◦ is said
to be a right quasigroup if, for any pair a, b ∈ S, there exists a unique x ∈ S
such that x ◦ a = b. If there exists an element e such that e ◦ a = a = a ◦ e,
for any a ∈ S, S will be called a right quasigroup with identity.
Given two right quasigroups with identity S and T , a bijective map f :
S → T is said to be an isomorphism if (x ◦ y)f = xf ◦ yf for any x, y ∈ S.
(Here we use the same symbol ◦ to denote the inner operation of both S and
T ). In this case we will say that S and T are isomorphic.
Remarks 2.2. Let S be a right quasigroup with identity.
(i) The element e which appears in the definition is unique and is called
the identity element of S.
(ii) If S and T are right quasigroups with identity, f : S → T is an iso-
morphism and e is the identity element of S, then ef is the identity
element of T .
(iii) Each element a ∈ S induces a permutation of the elements of S given
by xa = b if and only if x ◦ a = b, for each x ∈ S.
(iv) Assume that the operation ◦ is associative. For any a ∈ S there exists
a unique element b ∈ S such that b ◦ a = e. Note that (a ◦ b) ◦ a =
a ◦ (b ◦ a) = a ◦ e = a. Then a ◦ b = e. Hence, every element of S
possesses an inverse in S.
Thus, if the operation ◦ is associative, S is a group.
(v) We say that S has order n if the cardinal of the set S is n.
The introduction of right quasigroups with identity, as an algebraic struc-
ture, enables us the analysis of the right transversals of a subgroup in a group.
If H is a subgroup of a group G, e denotes the identity element of G and S
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is a right transversal of H in G such that e ∈ S, then for any x, y ∈ S, there
exists a unique z ∈ S with Hxy = Hz. Therefore the inner operation ◦ in S
defined by
x ◦ y = z ⇐⇒ Hxy = Hz for any x, y ∈ S,
gives an structure of right quasigroup with identity to the set S.
In fact, this example is prototypical.
As usual, we denote the group of all permutations of the set {1, 2, . . . , n}
by Σn. The subgroup of Σn consisting of all permutations fixing the figure
n is isomorphic to Σn−1. This fact determines an embedding of Σn−1 in Σn
and, in what follows, we consider Σn−1 as a subgroup of Σn. Note that for
any x ∈ Σn, the coset Σn−1x consists of all permutations moving n to n
x.
Next we prove that any finite right quasigroup with identity is isomorphic to
a right transversal of Σn−1 in Σn. This fact appears in [8] (Theorem 3.7) but
we include here a direct, and simpler, proof for the sake of completeness.
Proposition 2.3 ([8] Theorem 3.7). Any right quasigroup with identity of
order n is isomorphic to some right transversal of Σn−1 in Σn.
Proof. Let S = {x1, x2, . . . , xn = e} be a right quasigroup with identity
element e. For each 1 ≤ i ≤ n, consider the permutation σi ∈ Σn given by
jσi = k whenever xj ◦xi = xk. Notice that, for all 1 ≤ i ≤ n, σi is a bijective
map with nσi = i. In addition, σn agrees with the identity permutation of
{1, 2, . . . , n}.
In order to see that {σ1, . . . , σn} is a right transversal of Σn−1 in Σn,
suppose that σi = ρσj for some ρ ∈ Σn−1. Then,
i = nσi = nρσj = nσj = j.
We conclude that σ1, . . . , σn belong to different right cosets of Σn−1 in Σn and
hence {σ1, . . . , σn} is a complete set of representatives of the n right cosets
of Σn−1 in Σn.
Notice that, for any ρ, ρ′ ∈ Σn, Σn−1ρ = Σn−1ρ
′ ⇐⇒ nρ = nρ
′
. Hence,
Σn−1σiσj = Σn−1σk ⇐⇒ n
σiσj = nσk ⇐⇒ xi ◦ xj = xk.
Consequently, the map from S to the right transversal {σ1, . . . , σn} which
maps xi to σi for each 1 ≤ i ≤ n, provides an isomorphism between both
right quasigroups with identity.
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For any subgroupH ofG, T (G,H) will denote the set of all right transver-
sals ofH in G containing e considered as right quasigroups with identity. The
set of all isomorphism classes of these right quasigroups with identity will be
denoted by I(G,H).
Remarks 2.4. Let G be a group and H a subgroup of G. Put |G : H| = n.
(i) Assume that N is a normal subgroup of G with N ≤ H . For any
element g ∈ G, let g = Ng denote the image of g under the natural
epimorphism of G onto G/N . Analogously, for any subset X of G we
write X = {x; x ∈ X}. For any right transversal S ∈ T (G,H), then
S is a right transversal of H in G. In addition, for any x, y ∈ S, if
Hxy = Hz, with z ∈ S, then xy = hz for some h ∈ H and Hx y =
Hxy = H hz = Hz. Hence S and S are isomorphic quasigroups with
identity. In other words, the natural epimorphism of G onto G induces
a bijection between I(G,H) and I(G,H).
(ii) IfH andK be subgroups ofG withHK = G, then any right transversal
of H ∩ K in K is also a right transversal of H in G. In addition,
I(K,H ∩K) ⊆ I(G,H).
(iii) If f : G1 → G2 is a group isomorphism and H1 ≤ G1, then the restric-
tion of f to any right transversal S of H1 in G1 provides a quasigroup
isomorphism between S and the right transversal Sf of Hf1 in G2.
(iv) The natural action of G on the set of right cosets of H in G provides a
group homomorphism ϕ from G to Σn. In fact, for any right transversal
{x1, . . . , xn = e} of H in G, i
ϕ(g) = k if and only if Hxig = Hxk. In
particular,
iϕ(xj) = k ⇐⇒ Hxixj = Hxk ⇐⇒ xi ◦ xj = xk.
Notice that nϕ(xi) = i for any 1 ≤ i ≤ n and nϕ(h) = n for every h ∈ H .
Hence, ϕ(H) ⊆ Σn−1. Moreover, {ϕ(x1), . . . , ϕ(xn) = id} is a right
transversal of Σn−1 in Σn.
In addition, if {x1, . . . , xn = e} and {y1, . . . , yn = e} are right transver-
sals of H in G, then they are isomorphic as quasigroups if and only if
{ϕ(x1), . . . , ϕ(xn) = id} and {ϕ(y1), . . . , ϕ(yn) = id} are isomorphic.
(v) If CoreG(H), the largest normal subgroup of G contained in H , is the
identity subgroup, then ϕ is one-to-one and we can consider G ≤ Σn
and H ≤ Σn−1. Therefore any right transversal of H in G is a right
transversal of Σn−1 in Σn in this case.
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3. Counting the isomorphism classes of right quasigroups with
identity
For any positive integer n, let QG(n) denote the number of isomorphism
classes of right quasigroups with identity of order n. In this section we
present a formula to reckon QG(n). By Proposition 2.3 we have to calculate
the cardinal of the set I(Σn,Σn−1). Thus it is necessary to give some notation
of permutation groups as it will appear in this section.
Let t denote any conjugacy class of Σn−1. The cardinal of t will be denoted
by at and we write ct = |CΣn−1(σ)|, where σ is a representative of the elements
in t and CΣn−1(σ) denotes the centralizer of σ in Σn−1. Recall that atct =
(n− 1)!. It is well-known that each t is characterized by an (n− 1)-tuple of
non-negative integers (rt,1, . . . , rt,n−1) with rt,1+2rt,2 · · ·+(n−1)rt,n−1 = n−1,
where rt,k is the number of cycles of length k for each k = 1, 2, . . . , n − 1,
occurring in any element of t written as a product of disjoint cycles (see [7]
Theorems 3.1, 3.2 and 3.10).
Note that next Lemma 3.1 is a particular case of a result proved in the
paper of R. Lal, [4] Theorem 2.6. We include here a proof written in terms
of permutation groups.
Lemma 3.1. Two right transversals of Σn−1 en Σn are isomorphic (as right
quasigroups with identity) if and only if they are conjugate by some σ ∈ Σn−1.
Proof. Suppose that S = {x1, · · · , xn = e} and T = {y1, · · · , yn = e} are
right transversals of Σn−1 in Σn such that, for any 1 ≤ i ≤ n, n
xi = nyi = i.
Note that if τi denotes the transposition (i, n), then Σn−1xi = Σn−1τi =
Σn−1yi.
Let f : S → T be a bijective map providing the isomorphism between S
and T . Define σ ∈ Σn−1 by means of i
σ = m whenever x fi = ym. This means
x fi = yiσ . For any 1 ≤ i, j ≤ n, take k such that xi ◦ xj = xk. Then,
(iσ)x
σ
j = (iσ)σ
−1xjσ = ixjσ = n(xi◦xj)σ = nxkσ = kσ = nykσ = nx
f
k
= n(x
f
i ◦x
f
j ) = n(yiσ ◦yjσ ) = (iσ)yjσ ,
which shows that x σj = yjσ .
For the converse, conjugation by any σ ∈ Σn−1 is an automorphism of Σn
which fixes Σn−1. Then it provides a quasigroup isomorphism between any
right transversal of Σn−1 in Σn and its σ-conjugate.
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Theorem 3.2. The number of isomorphism classes of right quasigroups with
identity of order n is
QG(n) =
1
|Σn−1|
∑
t
atc
rt,1
t1
c
rt,2
t2
· · · c
rt,n−1
tn−1
where t runs over the set of all conjugacy classes of Σn−1 and, for each t, if
σ ∈ t, we write tk to denote the conjugacy class of σk, for k = 1, . . . , n− 1.
Proof. As commented above, by Proposition 2.3, QG(n) = |I(Σn,Σn−1)|. By
Lemma 3.1, QG(n) is the number of orbits of the action by conjugation of
the group Σn−1 on the set Tn = T (Σn,Σn−1). By a formula due to Burnside
(see [1], Theorem 14.4), we have
QG(n) =
1
|Σn−1|
∑
σ∈Σn−1
|fix(σ)| (1)
where fix(σ) = {S ∈ Tn; S
σ = S}.
Fix σ ∈ Σn−1 and consider that σ = ρ1 . . . ρm is the decomposition of σ as
a product of disjoint cycles including the cycles of length one. Consider any
right transversal S = {x1, . . . , xn = e} of Σn−1 in Σn. Assume that, for each
i = 1, . . . , n, xi ∈ Σn−1τi where τi = (i, n). Since n
x σi = nσ
−1xiσ = nxiσ = iσ,
we have x σi ∈ Σn−1xiσ for any i = 1, . . . , n−1. Therefore S
σ = S if and only
if x σi = xiσ , for all i = 1, . . . , n − 1. Note that i and i
σ belong to the same
cycle in the decomposition of σ. This is to say that if j and i appear in the
same cycle of the decomposition of σ and Sσ = S, then the element xj ∈ S
is determined by xi and σ. Thus, for each l ∈ {1, . . . , m} choose a figure
i(l) belonging to the cycle ρl. From the above argument we deduce that in
order to get a right transversal S ∈ fix(σ), we only have to give elements
xi(1), . . . , xi(m) since the rest are determined by these elements and σ. If for
each l ∈ {1, . . . , m}, we write Pσ(l) to denote the number of possible xi(l),
then we have
|fix(σ)| =
m∏
l=1
Pσ(l).
Let l ∈ {1, . . . , m}. Write i for i(l) and kl for the length of the cycle ρl.
Note that σkl fixes both figures i and n. Now, any representative of the coset
Σn−1τi is of the form xi = hτi for some h ∈ Σn−1. If, in addition, xi ∈ S
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for some S ∈ fix(σ), then x σ
kl
i = xiσkl = xi and consequently xi ∈ CΣn(σ
kl).
But τi also belongs to CΣn(σ
kl) because σkl fixes both i and n. Hence,
h = xiτ
−1
i ∈ CΣn(σ
kl) ∩ Σn−1 = CΣn−1(σ
kl).
Conversely, if h ∈ CΣn−1(σ
kl), then
{x σ
k
i = h
σkτ
iσ
k ; k = 0, 1, . . . , kl − 1}
is a set of representatives of the right cosets Σn−1τiσk , k = 0, 1, . . . , kl − 1,
which is fixed by σ.
Hence, writing t to denote the conjugacy class of σ, we have
Pσ(l) = |CΣn−1(σ
kl)| = ctkl
and then
|fix(σ)| =
m∏
l=1
ctkl .
Note that |fix(σ)| depends only on the structure of σ as a product of disjoint
cycles and two conjugate permutations have the same cycle structure. Thus
in formula (1) we can write
QG(n) =
1
|Σn−1|
∑
σ∈Σn−1
|fix(σ)| =
1
|Σn−1|
∑
t
at|fix(σt)|
where t runs over all conjugacy classes of Σn−1 and σt is a representative
of the class t. Now, if the members of the class t are characterized by the
(n− 1)-tuple (rt,1, . . . , rt,n−1), then
|fix(σt)| = c
rt,1
t1
c
rt,2
t2
· · · c
rt,n−1
tn−1
.
Now, the formula becomes clear.
Example 3.3. Let us calculate QG(6), the number of isomorphism classes of
right quasigroups with identity of order 6. Equivalently we want to calculate
the cardinal |I(Σ6,Σ5)| of the isomorphism classes of right transversals of Σ5
in Σ6.
Since there are seven ways to decompose 5 as a sum of positive integers:
1+ 1+ 1+1+1 = 1+ 1+ 1+ 2 = 1+ 2+2 = 1+1+3 = 1+ 4 = 5 = 2+ 3,
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there are seven conjugacy classes in Σ5 which can be denoted as
t11111, t1112, t122, t113, t14, t5, t23,
A direct calculation gives the following table:
class represent. at ct (rt,1, rt,2, rt,3, rt,4, rt,5) (ct1 , ct2 , ct3 , ct4, ct5)
t11111 id 1 120 (5, 0, 0, 0, 0) (120, 120, 120, 120, 120)
t1112 (12) 10 12 (3, 1, 0, 0, 0) (12, 120, 12, 120, 12)
t122 (12)(34) 15 8 (1, 2, 0, 0, 0) (8, 120, 8, 120, 8)
t113 (123) 20 6 (2, 0, 1, 0, 0) (6, 6, 120, 6, 6)
t14 (1234) 30 4 (1, 0, 0, 1, 0) (4, 8, 4, 120, 4)
t5 (12345) 24 5 (0, 0, 0, 0, 1) (5, 5, 5, 5, 120)
t23 (12)(345) 20 6 (0, 1, 1, 0, 0) (6, 6, 12, 6, 6)
Hence, the number of isomorphism classes of right quasigroups with iden-
tity of order 6 is
QG(6) =
1
120
[
1205 + 10(123 · 120) + 15(8 · 1202)+
20(62 · 120) + 30(4 · 120) + 24 · 120 + 20(6 · 12)
]
= 207392556.
Remarks 3.4. (i) Note that the above formula to calculate QG(n) looks
similar to an evaluation of the poynomial associated to the symmetric
group Σn−1 (see [1]). However, appearances deceive!
(ii) Any group of order n is a right quasigroup with identity and therefore it
is isomorphic, as a right quasigroup with identity, to a right transversal
of Σn−1 in Σn. Moreover, two groups are isomorphic if and only if they
are isomorphic as right quasigroups with identity.
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